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We describe the rotational alignment sensitivity of three-dimensional holographic disks. It is shown that the
reconstructed image always rotates by the angle by which the disk rotates; however, the center and the radius
of rotation change as the recording geometry changes. A comparison among image plane, Fourier plane,
and Fresnel holograms is given, and an optimum configuration (in terms of alignment sensitivity) in which
the radius of rotation is zero is derived. We present experimental results and also discuss how the rotation
alignment sensitivity affects the storage density and the readout–recording speed of the three-dimensional
disk. A brief summary of other sources of misalignment is given.1. INTRODUCTION
The theoretical upper limit on the storage density of vol-
ume holograms is 1yl3, where l is the operating wave-
length of light. This limit is of the order of 1012 bitsycm3;
however, in practical systems only 109 –1010 bitsycm3 is
achievable because of the finite numerical aperture of
the optical system that transfers the data into the op-
tical system and the dynamic range of the recording
medium. For example, typically 103 –104 holograms are
superimposed at the same location,1,2 with each hologram
consisting of 103 3 103 pixels, giving a total capacity of
109 –1010 bitsylocation. To make them competitive with
magnetic and semiconductor memories, which are becom-
ing cheaper and better all the time, it is necessary to
further increase the capacity of holographic storage sys-
tems. One does this by recording at multiple locations;
i.e., by spatial multiplexing.3 – 7 In this paper we ad-
dress the alignment sensitivity of one of the systems for
performing spatial multiplexing, the three-dimensional
(3D) holographic disk.4,7
As in all spatial-multiplexing schemes, the most cru-
cial component of the 3D holographic disk is the scanning
mechanism that steers the readout beam to different lo-
cations of the disk. In the 3D holographic disk spatial
multiplexing is done in a disk configuration, as shown in
Fig. 1. The rotation of the disk and the radial motion of
the readout head allow us access to any location on the
disk surface. Two light beams (a signal and a reference)
interfere inside the recording medium to create a grat-
ing. Multiple holograms are recorded at the same loca-
tion by angle multiplexing,8 wavelength multiplexing,9,10
or phase-code multiplexing.11 – 13 In this paper we con-
centrate only on angle and wavelength multiplexing.
Because of the Bragg-matching requirement of volume
holograms, individual holograms can be read out in-
dependently by means of a change in direction or the
wavelength of the reference beam.
In the holographic data storage system one achieves
high readout speed and capacity by reading out en-
tire pages at a time. To convert this information to
electronic signals the hologram is imaged onto a de-0740-3232/95/091902-11$06.00 tector array such as a CCD camera. For the data to
be transferred correctly, it is necessary to position the
reconstructed holographic image accurately. Inadver-
tently shifting the reconstructed image by one or even
half a pixel (bit) would be disastrous. This is of great
concern because the conditions on readout cannot be
precisely the same as during recording, and this situ-
ation may cause the position of the reconstructed im-
age to change. In addition, because the reference beam
is moving relative to the hologram (i.e., the 3D disk is
spinning), this condition will in general also cause the
reconstructed image to change over time, causing smear-
ing of the image on readout. It is therefore desirable
to reduce the alignment sensitivity for both spatial and
angle-wavelength multiplexing.
In this paper we concentrate on the question of ro-
tational alignment sensitivity of 3D holographic disks,
which is specific to holographic disk systems. We ana-
lyze how rotation affects image reconstruction and discuss
how this relates to storage density and recording–readout
speed of 3D holographic disks. As is shown below, the
reconstructed image always rotates by the same angle at
which the disk rotates, with a radius of rotation that de-
pends on various factors. We use this radius (denoted
RI ) as a measure of the rotational alignment sensitivity
because the larger RI is, the more sensitive the system
becomes with respect to rotational errors. A brief dis-
cussion of other misalignment errors is given at the end
of the paper.
2. FOURIER-TRANSFORM-TYPE
HOLOGRAMS
The usual configurations for recording holograms can be
divided into two categories:
(i) Fourier-transform- (FT-) type holograms: point
sources at the input plane [where the spatial light modu-
lator (SLM) is placed] are mapped into plane waves at
the recording plane (where the 3D disk is placed). Such
a system is realized by placement of the input plane
at the back focal plane of a lens, as shown in Fig. 2.1995 Optical Society of America
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Fig. 2. FT-type holograms have plane-wave impulse responses.
The FT hologram is a special case of this category, with
the recording plane being at the FT plane of the lens. In
general, the recording plane can be at an arbitrary dis-
tance behind the lens. Considered as a linear system,
the impulse response is a plane wave.
(ii) Fresnel holograms: point sources at the input
plane are mapped into spherical waves at the recording
plane, as shown in Fig. 3 below. The impulse response
is thus a spherical wave. This category includes image-
plane holograms as a special case.
Almost all practical holographic recording systems are
equivalent to one of these two cases. The holograms are
assumed to be either transmission-type or reflection-type
holograms, and the reference beam is assumed to be a
plane wave.
In this section we first consider case (i), in which point
sources at the input plane give rise to plane waves at the
recording plane. We would like to know how the recon-
structed image (read out for a hologram) changes as the
disk rotates. From this information we can calculate therotational alignment sensitivity of the 3D disk, which we
define as the amount of displacement of the reconstructed
image associated with a given amount of hologram or disk
rotation.
We approach the problem by considering the situation
in which light from a single point source at the input plane
interferes with a plane-wave reference beam to record a
hologram on the disk. We read out the hologram and see
how the reconstructed image of the point source changes
as the disk rotates. Assuming that the system is linear
(which is true for weak holograms), we can then under-
stand what happens for a general image by superposition.
In this section and in Section 3 [in which we analyze
case (ii)], we assume that the holograms are essentially
planar. In other words, we ignore any Bragg mismatch
on hologram readout. Further below we modify the re-
sults given in this section and in Section 3 to take into
account the volume-holographic nature of the recording
medium.
Consider a point source at sx0, y0d on the input plane.
The signal and the reference beams are plane waves of
the form (see Fig. 2)
R ­ A expf jksuxx 1 uy y 1 uzzdg , (1)
S ­ B expf jksvxx 1 vyy 1 vzzdg , (2)
where sux, uy , uzd and svx, vy , vzd are the direction cosines
of the plane waves. Under the paraxial approximation
we have
vx ­ x0yF , (3)
vy ­ y0yF , (4)
vz ­ s1 2 vx2 2 vy 2d1/2, (5)
where F is the focal length of the FT lens. Assuming
that the recorded grating strength is proportional to the
intensity, the grating recorded at z ­ 0 is then propor-
tional to jR 1 Sj2 (at z ­ 0). The part that interests us
is the interference term
T ­ T0 expf jsKxx 1 Kyydg , (6)
where T0 is a constant proportional to ApB and where Kx
and Ky are the recorded grating-vector components given
by
Kx ­ ksvx 2 uxd , (7)
Ky ­ ksvy 2 uy d . (8)
We now rotate the hologram Taround the center of the
disk sxc, ycd and reconstruct the image from the hologram
by applying the original reference beam. If T is rotated
around sxc, ycd by Df, and Df is sufficiently small that
terms of order sDfd2 and higher in Df can be ignored,
then the hologram transmittance T becomes
T 0 > T00 exph j fsKx 2 KyDfdx 1 sKy 2 KxDfdygj , (9)
where T00 ­ T0 expf js2Kxyc 1 KyxcdDfdg is a constant.
Illuminating the rotated hologram T 0 with the original
reference beam R, we find that the reconstructed image
is
RT 0 > C expf jksvx 0x 1 vy 0y 1 vz 0zdg , (10)
where
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vy 0 ­ vy 1 svx 2 uxdDf , (12)
vz 0 ­ s1 2 vx 0 2 2 vy 0 2d1/2. (13)
Comparing this to the expression for S in Eq. (2) and
using Eqs. (3) and (4), we find that the reconstructed
image appears to have originated from a point source on
the input plane (the back focal plane of the lens in Fig. 2)
at
x00 ­ x0 2 s y0 2 Fuy dDf , (14)
y00 ­ y0 1 sx0 2 FuxdDf . (15)
To first order, this result is just the original point source
sx0, y0d rotated by an angle of Df about the center at
xc 0 ­ Fux , (16)
yc 0 ­ Fuy . (17)
Thus, if we record a hologram of an arbitrary image and
rotate the hologram by Df, then by superposition the re-
constructed image also rotates by Df. But instead of ro-
tating around the rotation center of the disk, sxc, ycd, the
reconstructed image rotates around the point sxc 0, yc 0d ­
sFux, Fuy d. Note that sxc 0, yc 0d is independent of the dis-
tance l between the disk and the lens (Fig. 2) and depends
only on F and on the reference-beam angle. Note also
that the apparent direction of motion of the reconstructed
image is determined only by the direction of the reference
beam relative to the direction of the signal beam and by
the disk rotation axis. It is independent of the direction
in which the hologram itself is moving.
Because the center of rotation of the reconstructed im-
age may be different from the rotation center of the disk,
the radius of rotation of the image (denoted RI ) may also
be different from the radius of rotation of the hologram
(denoted RH ). For case (i), which we have just discussed,
the radius of rotation of the image is
RI ­ F sux2 1 uy 2d1/2. (18)
As mentioned in Section 1, we use RI as a measure of
the (rotational) alignment sensitivity because, for a small
rotation of Df in the disk, the amount of displacement in
the reconstructed image is RI Df.
3. FRESNEL HOLOGRAMS
We now consider case (ii), in which light from each point
source at the input plane is mapped into a spherical
wave at the recording plane. Here, as in Section 2, we
consider the situation for a single point source at the
input plane and see how the reconstructed image changes
as the holographic disk rotates. We can then derive the
case of an arbitrary image by invoking the superposition
principle.
As shown in Fig. 3, the disk is placed at z ­ 0 and
the input plane is at z ­ 2l. Consider the point source
at sx0, y0, 2ld, where x0 and y0 are much smaller than l
(Fig. 3). As before, we ignore the Bragg-matching effectfor now. From Fig. 3, the signal and the reference beams
are (under paraxial approximations)
R ­ A expf jksuxx 1 uyy 1 uzzdg , (19)
S ­
B
z 1 l
expf jksz 1 ldg
3 exp
(
j
k
2sz 1 ld
fsx 2 x0d2 1 s y 2 y0d2
)
. (20)
We are interested in the interference term of the recorded
hologram jR 1 Sj2 (at z ­ 0):
T ­ T000 exp
(
j
k
2l
fsx 2 ad2 1 s y 2 bd2g
)
, (21)
where T0 00 is a constant proportional to sApByldexps jkld
exphsky2ldf2uxls2x0 1 uxld 2 uyls2y0 1 uyldgj and
a ­ x0 1 uxl , (22)
b ­ y0 1 uyl . (23)
We now rotate the hologram T around the disk center
sxc, ycd by a small angle Df (counterclockwise) and re-
construct the image from T by illuminating the disk with
the original reference beam R. On rotation the coordi-
nate sx, yd is transformed into sx0, y 0d, where
x0 ­ x 2 s y 2 ycdDf , (24)
y 0 ­ y 1 s x 2 xcdDf . (25)
Therefore the recorded hologram T becomes
T 0 ­ T000 exp
(
j
k
2l
fsx 2 a0d2 1 s y 2 b0d2g
)
, (26)
where T000 is the same T0 00 constant as in Eq. (21) and
a0 ­ a 2 sb 2 ycdDf , (27)
b0 ­ b 1 sa 2 xcdDf . (28)
Fig. 3. Fresnel holograms have spherical-wave impulse re-
sponses. Image-plane holograms are a special case of Fresnel
holograms.
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the original reference plane wave R, we have, at z ­ 0
(immediately after the recording medium),
RT 0 ­ AT000 exp
(
j
k
2l
fsx 2 a0d2 1 s y 2 b0d2
1 2luxx 1 2luyyg
)
­ C exp
(
j
k
2l
fsx 2 a0 1 luxd2
1 s y 2 b0 1 luy d2g
)
, (29)
where C ­ AT000 exph jsky2ldfuxls2a0 2 uxld 1 uyls2b0 2
uyldgj is a constant. Comparing this result with the ex-
pression for the original signal beam S [Eq. (20)], we find
that the reconstructed wave RT 0 is a spherical wave that
appears to have originated from the point sx00, y00, 2ld,
where
x00 ­ x0 2 sy0 2 yc 0dDf , (30)
y00 ­ y0 1 sx0 2 xc 0dDf , (31)
xc 0 ­ xc 2 uxl , (32)
yc 0 ­ yc 2 uyl . (33)
Thus, on rotating the disk around its center sxc, ycd by
an angle Df (counterclockwise), we find that the recon-
structed image of the point source appears to have ro-
tated from sx0, y0d to sx00, y00d. The apparent center of
rotation is therefore sxc 0, yc 0d, which is, in general, differ-
ent from the rotation center of the disk at sxc, ycd. By
superposition we conclude that, for any image, when the
hologram T rotates by Df, the reconstructed image will
appear to have rotated by the same angle around the cen-
ter sxc 0, yc 0d.
When l ­ 0, the hologram is recorded at the image
plane. In practice, this is done with an imaging lens
(not shown in Fig. 3). In this case sxc 0, yc 0d coincides with
sxc, ycd. [Strictly speaking, the paraxial approximation
that leads to Eq. (20) does not hold for l ­ 0. Neverthe-
less, the conclusion given above is correct.]
From Eqs. (32) and (33) the radius of rotation of the
reconstructed image is
RI ­ fRH 2 1 sux2 1 uy 2dl2 2 2lsxcux 1 ycuy dg1/2. (34)
As explained above, we use RI as a measure of the ro-
tational alignment sensitivity because it gives us the
amount of displacement in the image per unit angle of
rotation of the disk.
In Fig. 4 we show experimental data demonstrating
the effect of hologram rotation. Figure 5 shows the con-
figuration used for the experiment. In Fig. 5(a) a point
source was recorded as an image-plane hologram on a
5-mm-thick LiNbO3 disk. Although this is not a pla-
nar hologram, for our purpose (assuming small rotation
angles) we may treat it as planar. We discuss this sub-
ject in more detail in Section 4 and analyze the effectsof having a volume hologram instead of a true planar
hologram.
We take the origin of the sx, yd coordinate system to be
at the center of the hologram recording area on the disk.
On rotation of the hologram, the reconstructed image of
the point appears to moves horizontally, following the
rotation of the hologram along the circumference of the
disk [Fig. 4(a)]. We took the images shown in Fig. 4 by
making multiple exposures of the reconstructed image
of a point source as it moved on rotation of the disk at
intervals of Df ­ 0.4–.
In Fig. 5(b) the image of the point was recorded as
a FT hologram, where the origin of the sx, yd coordi-
nates is at the center of the hologram recording area on
the disk. Figure 4(b) shows the reconstructed images of
the point source on rotation of the hologram at Df ­
0.4– intervals. Note that the point appears to move verti-
cally even though the hologram itself is essentially moving
horizontally. This is because in this case ux Þ 0, whereas
uy ­ 0 (the reference beam is coming in horizontally).
From Eqs. (16) and (17) we therefore conclude that the
center of rotation of the reconstructed image is on the
x axis, away from the origin (the center of the hologram
recording region).
(a)
(b)
Fig. 4. Experimental data. Reconstructions of (a) an image-
plane hologram by means of the configuration shown in Fig. 5(a)
sDf ­ 0.4–d, (b) a Fourier-plane hologram by means of the
configuration shown in Fig. 5(b) sDf ­ 0.4–d.
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shown in Fig. 4: (a) for image-plane holograms [RH ­ 1.7 cm
and u ­ 27– (outside the crystal)], (b) for Fourier-plane holograms
[RH ­ 1.7 cm and u ­ 27– (outside the crystal)]. The hologram
is 4 cm before the FT plane.
In general, the direction of motion will be neither hori-
zontal nor vertical but will depend on the distance be-
tween the image and the recording media.
4. EFFECT OF BRAGG MISMATCH
ON IMAGE RECONSTRUCTION
The treatment in Sections 2 and 3 assumes that the holo-
grams are planar, so we may ignore Bragg-matching ef-
fects. This is approximately true for sufficiently small
rotational angles. For instance, in the experiments de-
scribed above, disk rotation did not introduce significant
Bragg mismatch even though the crystal disk was 5 mm
thick. But when the rotational angle is sufficiently in-
creased we must consider the 3D nature of the hologram.
In this section we examine how disk thickness affects the
image reconstruction when the holographic disk rotates.
We assume that the recorded holograms are weak. This
is because when M holograms are superimposed in the
same location the diffraction efficiency of each hologram
is proportional to 1yM2.14 In that case we may ignore
two-beam coupling effects during recording and second-
order scattering or diffractions during reconstruction.
We start with case (i) (FT-type holograms), in which
each point in the input plane corresponds to a plane wave
(Fig. 2). We assume that the image is centered on the
optical axis. The wave vector of the signal-beam plane
wave corresponding to sx0, y0d at the input plane is [from
Eqs. (3) –(5)]kS > ksvx, vy , vzd ­ k
"
x0
F
, y0
F
,
ˆ
1 2
x02 1 y02
F 2
!1/2#
,
(35)
where F is the focal length of the FT lens L. The wave
vector of the reference-beam plane wave is given by
kR ­ ksux, uy , uzd ­ ks0, 2sin uR , cos uRd , (36)
where uR is the angle between the wave vector and the
z axis (so that ux ­ 0, uy ­ 2sin uR , and uz ­ cos uRd.
The grating vector is
K ­ kR 2 kS ­ k
"
2
x0
F
, 2sin uR 2
y0
F
,
cos uR 2
ˆ
1 2
x02 1 y02
F 2
!1/2#
. (37)
When the disk rotates around the z axis by Df, K be-
comes (to first order in Df)
K0 ­ k
"
2
x0
F
1
ˆ
sin uR 1
y0
F
!
Df,
2sin uR 2
y0
F
2
x0
F
Df,
cos uR 2
ˆ
1 2
x02 1 y02
F 2
!1/2#
. (38)
When the hologram is illuminated with the original refer-
ence beam a plane wave is reconstructed. To determine
the direction and the amplitude of this diffracted plane
wave, we first form the wave vector
kS 0 ­ kR 2 K0 ­ k
"
x0
F
2
ˆ
sin uR 1
y0
F
!
Df,
y0
F
1
x0
F
Df,
ˆ
1 2
x02 1 y02
F 2
!1/2#
. (39)
The magnitude of kS 0 is, in general, not equal to k ­
2pnyl (where n is the index of refraction of the record-
ing medium). What happens is that the wave vec-
tor of the actual diffracted plane wave has the same
x–y components as kS 0 but a different z component, so
that its length is equal to k (the normal to the sur-
face of the recording medium is along the z direction).
The difference between the z components of kS 0 and the
wave vector of the actual diffracted plane wave is the
Bragg mismatch (Fig. 6).15,16 The intensity of the dif-
fracted plane wave depends on the amount of Bragg
mismatch and on the thickness of the recording medium.
For planar holograms the thickness is negligible (by defi-
nition), and there is negligible change in the intensity as
a result of Bragg mismatch. This is exactly what was
done in Sections 2 and 3, where we considered just the
x–y components. Thus, for weak holograms, the inten-
sity of the diffracted plane waves depends on the amount
of Bragg mismatch of the diffracted wave vector, but the
direction is not affected and is the same as if the record-
ing medium were planar. To correct for the 3D nature of
the holograms in Sections 2 and 3, we therefore need only
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consider the modification in amplitude of the diffracted-
plane-wave components from the hologram. For case (i),
the plane-wave components correspond to point sources at
the input plane. The modification in the reconstructed
image intensity is therefore a pointwise effect.
From the geometry of Fig. 6, to first order in Df, the
Bragg mismatch along the z direction is
Dkz >
kx0
F
sin uRDf , (40)
and the amplitude of the readout plane wave is propor-
tional to15,16
sinc
ˆ
L
2p
Dkz
!
­ sinc
ˆ
kLx0
2pF
sin uR Df
!
, (41)
where L is the thickness of the recording material and
sincsxd is defined here as sin pxypx.
When Df ­ 0, the value of the sinc function is equal
to 1, and the entire image is reconstructed uniformly as
expected. As Df increases, the width of the sinc function
(as a function of x0) becomes narrower, and the points
farther from the center (larger x0) show a greater decrease
in intensity because of the sinc function. For the center
of the image, x0 is zero (note that this is not the center
of the original image), and therefore the value of the sinc
function is 1 for any rotation Df. Note that, because the
argument of the sinc function depends only on x0, but not
on y0, the intensities along strips parallel to the y axis
are the same.
For case (ii) (Fresnel holograms), the situation is
slightly more complicated. Recall that for Fresnel holo-
grams the plane-wave components at the recording plane
correspond to the FT components of the image, whereas
for FT-type holograms the plane-wave components at
the recording plane correspond to points of the image.
Thus we can still use the results derived above, but in-
stead of considering point sources at the input plane we
now consider the plane-wave components that make up
the image. To use these results, we note that for the
Fresnel hologram a plane-wave component corresponding
to spatial frequency wx (Fig. 3) has the same wave vectoras does a plane-wave originating from a point source at
position x ­ lFwx in the FT-type hologram (Fig. 2). We
therefore substitute lFwx for the variable x0 in Eq. (41).
The sinc factor now becomes
sincsLwx sin uRDfd . (42)
In this case the result of Bragg mismatch is not a point-
wise effect but a modification in the spatial frequencies.
For small Df the sinc factor cuts off the higher spatial
frequencies. However, as the rotation angle Df becomes
larger, the FT of the reconstructed image starts to shift
in a manner identical to that by which the reconstructed
image shifts in the case of FT-type holograms. At the
same time, the width of the sinc function (as a func-
tion of wx) decreases. When Df is large enough, the
central lobe of the sinc function becomes very narrow,
whereas the FT of the reconstructed image shifts because
of disk rotation. This effect is analogous to the image
shift in the FT-type holograms discussed above. As a re-
sult, we obtain a reconstruction whose spatial spectrum
has no dc component. In effect, the reconstructed image
will appear to be edge enhanced. From expression (42)
the width of the central lobe of the sinc function is
Dx0 ­
2lF
L sin uRDf
, (43)
whereas the shift of the spectrum is
Dxw ­ F sin uR Df . (44)
Therefore we expect the edge-enhancement effect to be-
come observable when Dxw ­ Dx0y2, or when
Df ­
s
l
L
1
sin uR
. (45)
Note that this scales as the square root of lyL, whereas
the usual angle selectivity of volume holograms scales lin-
early with lyL. (Note that, in the formula above, both
uR and l are the values measured inside the holographic
medium). For example, for l ­ 488 nm (in vacuum),
L ­ 5 nm, n ­ 2.2 (refractive index for lithium niobate),
and uR ­ 30– (outside the recording medium), the wave-
length inside the crystal is l ­ 221.8 nm, and the angle
inside the crystal is uR ­ 13–. This result gives us a Df
value of roughly 1.5–, which is approximately what we
measured in the experiment discussed in Fig. 7(a), shown
and described below.
For Fresnel holograms, besides the Bragg-mismatching
effect there is also an effect that comes from the fact that
the radius of rotation RI [Eq. (34)] depends on l (the dis-
tance from the point source to the recording plane). Be-
cause this parameter changes throughout the thickness
of the recording material for volume holograms, RI is
not a constant. The effect is that (even if there were
no Bragg-matching problems) the reconstructed image
starts to blur out as the rotational angle becomes larger.
However, if l is much larger than the thickness of the
hologram, then the Bragg-mismatching effect dominates.
[Note that this not a problem for FT-type holograms be-
cause RI in Eq. (18) does not depend on the distance be-
tween the recording plane and the FT lens.]
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top row, rotation of an image-plane hologram; middle
row, rotation of a Fourier-plane hologram; bottom row,
rotation of a hologram recorded in the optimum configu-
ration for minimizing alignment sensitivity.The predictions of the effects of Bragg selectivity on im-
age reconstruction are demonstrated by the experimental
results shown in Fig. 7. We show the effect of holo-
gram rotation on the reconstruction of recorded images
stored as (top row) image-plane holograms, (middle row)
Fourier-plane holograms, and (bottom row) optimum-
configuration holograms, which is a special case of the
Fresnel hologram (we further discuss this subject in
Section 5). The experimental setup is the same as that
used previously: we use the setup shown in Fig. 5(a)
for the image-plane hologram and the setup shown in
Fig. 5(b) for the FT hologram. The setup for the opti-
mum configuration is similar to that shown in Fig. 5(a),
except the distance between the recording plane and the
imaging lens is changed. This result is explained in
more detail in Section 5. In the experiment the CCD
camera and the input SLM were both rotated 90–, so that
the horizontal direction in the picture is actually vertical
in the setup.
In all cases the reconstructed image rotates as the
holographic disk rotates. The results are similar to the
experimental results shown in Fig. 4: for image-plane
holograms the reconstructed image moves in the same di-
rection as the disk, whereas for Fourier-plane holograms
the direction is perpendicular to the direction of motion
of the disk. The effects of Bragg mismatch are apparent
in Fig. 7. For Fourier-plane holograms, as the disk ro-
tates, the visible part of the image becomes narrower and
is centered around the head of the person. Eventually,
of course, the hologram rotates outside the region of the
reference-beam illumination, and the image disappears.
For image-plane holograms and optimum-configuration
holograms (both special cases of Fresnel holograms), the
reconstructed image starts to show edge-enhancement ef-
fects as the rotation angle becomes larger, as predicted.
5. OPTIMUM CONFIGURATION
In either case—FT-type or Fresnel holograms—the re-
constructed image will appear to rotate around some cen-
ter by the same angle that the disk rotates. As shown in
Section 4, Bragg selectivity will affect image reconstruc-
tion, but the amount of rotation is still correctly described
by the planar hologram analysis. As shown by the ex-
perimental results given in Fig. 7, there is a consider-
able amount of image motion before the image disappears
because of Bragg mismatch. For the purpose of datareadout, we would like to minimize the amount of this
displacement to avoid smearing the detected image while
maximizing the allowable detector integration time.
Because the reconstructed image always rotates by the
same amount as the disk, the best that can be done to
minimize displacement is to have the center of rotation
at the center of the reconstructed image itself. From
Eqs. (32) and (33) we can do this by setting
xc ­ uxl , (46)
yc ­ uy l . (47)
It is assumed here that the center of the image is at x ­ 0,
y ­ 0 (if this is not true, then the conditions given above
must be rewritten in the shifted coordinate system, but
the idea is the same). For example, in Fig. 8, yc ­ 0 and
uy ­ 0. Given xc and ux, the distance l that gives the op-
timum configuration can be determined by Eq. (46). In
general, given xc and yc, we select a convenient distance
l, and these values determine the optimum reference-
beam direction ux and uy . In this optimum configuration
(which was mentioned in Section 4 in connection with the
bottom row of Fig. 7), the pixels at the edge of the image
will move the most, and for the worst case the radius of
rotation is r, where r is the distance from the center of
the image to the outermost pixel. In this case the align-
ment sensitivity is RI ­ r. This result can be much less
than the actual radius of rotation of the hologram, RH .
Of course, once l (the distance between the image plane
and the disk) and sxc, ycd (the disk center) are fixed, there
is only one reference-beam angle that will give the opti-
mum configuration. For angle multiplexing in which the
Fig. 8. Optimum recording configuration system with minimum
rotational alignment sensitivity.
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the reference-beam angle swing to be at the optimum an-
gle. For wavelength multiplexing, the angle of the refer-
ence beam need not be changed.
The bottom row of Fig. 7 shows the effect of hologram
rotation on the reconstruction of recorded images stored
as an optimum-configuration hologram. Note that for
the optimum configuration, although the image still ro-
tates and displays the edge-enhancement effect, it rotates
around the center of the image instead of moving out of
the field of view.
6. STORAGE DENSITY AND
ALIGNMENT SENSITIVITY
Having derived the 3D disk’s alignment sensitivity sRI d
resulting from rotational misalignment, we would like
to compare the alignment sensitivity of the optimum con-
figuration with image-plane holograms and Fourier-plane
holograms, which are the most commonly used. First,
however, we must consider under what conditions this
comparison is to be conducted. Because we are inter-
ested in using 3D holographic disks for data storage, we
choose to compare the three systems under the same
maximum storage density.7,15
In Sections 2–5 we showed that there is an opti-
mum configuration for minimum rotational alignment
sensitivity. This result would seem to be incompatible
with the condition for maximizing the storage capacity
of a 3D disk, which requires that the disk be at the im-
age plane or the Fourier plane.7 In fact, however, it is
possible to satisfy the conditions for both minimum rota-
tional alignment sensitivity and maximum storage den-
sity simultaneously. In this section we describe how this
can be done.
The configuration shown in Fig. 9 was proposed by
VanderLugt for recording planar holograms.17 The SLM
with transmittance f sx, yd is placed at P1, immediately
after condenser lens L1. When illuminated with a plane
wave, condenser lens L1 provides a converging spherical
wave that illuminates the SLM and produces the FT of
f sx, yd (with an additional quadratic phase) at the back
focal plane (P2). The FT of f sx, yd can then be recorded
as a hologram with a reference plane wave. A second
lens, L2, placed immediately after the hologram at P2 is
used to form the (inverted) image of f sx, yd at image plane
P3. The distances between the lenses are determined by
the familiar imaging condition
1
F1
1
1
l2
­
1
F2
, (48)
where F1 is the focal length of condenser lens L1 and F2
is the focal length of lens L2. In VanderLugt’s paper17
the holograms were assumed to be planar. The system
is of course also usable for volume holograms.
For the system we have just described (which we refer
to as the VanderLugt configuration), point sources on the
SLM at P1 correspond to spherical waves. Therefore it
is possible to design the system according to the speci-
fications of Section 5 to set the center of rotation of the
hologram at the center of the reconstructed image by set-
ting F1 ­ l. At the same time, we show below that it isalso possible to achieve maximum storage density with
this system.
First, consider the spatial extent of the hologram in
the VanderLugt system. Let umax be the highest spatial
frequency of f sx, yd. Then the (spatial) extent of the FT
at P2 (within paraxial approximations) is a ­ 2umaxlF1.
Because all the information of the original image f sx, yd
is contained within this region, this is the minimum aper-
ture required for recording the hologram (and for us-
ing lens L2). If the pixel spacing of the SLM is d, and
Np is the number of pixels along one dimension, then
umax ­ 1yd, and we can write a as
a ­
2lF1
d
­ 2lNp
ˆ
F1
Npd
!
­ lNpsFy#d , (49)
where Fy# is the f-number of the lens, assuming that the
aperture of L1 is the same as the size of SLM (which
is Npd). Thus, if the ratio sFy#d ­ F1yNpd is fixed, a
is a constant even when the image size Npd changes
(assuming that F1 changes accordingly).
Let us compare the VanderLugt configuration with the
conventional 4-F FT system (Fig. 10), which we used pre-
viously to achieve maximum storage density.7 If the
focal length of FT lens L10 is also F1, then the spatial
extent of the FT is also a ­ 2lNpsF1yNpdd. Therefore,
no matter what spatial extent of the hologram is required
for achieving maximum storage density in the 4-F sys-
tem, the same recording area can be obtained equally well
with the VanderLugt system
The VanderLugt configuration, however, has some ad-
ditional advantages over the conventional 4-F system.
First, the lens aperture of L10 must be larger than Npd
(the aperture of L1) to allow all the spatial frequencies
from f sx, yd to pass through. In addition, the aberra-
tion corrections for L10 are considerably more complicated
Fig. 9. VanderLugt imaging system.
Fig. 10. Conventional 4-F imaging system.
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good converging spherical wave (a practical implementa-
tion would probably use an aspherical L1 lens). There-
fore the requirements on L1 are easier than for L10. The
requirements for L20 are similar to those for L10 and are
more stringent than for L2 or L1.
7. ALIGNMENT-LIMITED MAXIMUM
READOUT TIME
Given the rotational speed of the disk, we calculate in this
section how long the reconstructed image stays within
half a pixel. This is the largest allowable detector in-
tegration time that we may use to read out the hologram
if the disk is continuously spinning. This time will de-
pend on the way the holograms are stored (e.g., as FT
holograms or image-plane holograms).
First we consider image-plane holograms. Let d be
the pixel spacing at the image plane inside the record-
ing medium, and let R be the radius of rotation, i.e., the
distance from the center of the hologram to the disk rota-
tion axis. If the disk rotates by a small angle Df, then
the image will rotate by the same angle and will move a
distance of RDf. For this value to be less than half the
pixel spacing, we require that
Dx ­ RDf # s1y2dd . (50)
If T is the period of rotation of the disk, then the time
in which the reconstructed image remains within half a
pixel spacing is
t ­
T
2p
Df #
T
2p
d
2R
­
T
2pNp
ˆ
Npd
2R
!
. (51)
Note that t is independent of image magnification (the
actual size of the image at the readout plane is, in gen-
eral, different from the image size inside the recording
medium). The value of the pixel spacing d is chosen
for achievement of maximum storage density, as derived
in Ref. 7.
Next we consider the optimum configuration. Because
the reconstructed image rotates around the center of the
image at the same rate as the disk, the center pixels of the
image move very little, and the pixels that are displaced
the most are the outermost pixels. Because the image
size is sNpdd 3 sNpdd, the most that the pixels will move
when the disk rotates by Df is s1y2dNpdDf. For this
value to be less than dy2, we have
Df #
1
Np
, (52)
and the maximum amount of time in which the hologram
can be read out is
t ­
T
2pNp
. (53)
It is interesting that this result is independent of pixel
spacing d and also applies to the VanderLugt recording
configuration.
For Fourier-plane holograms, we assume normal inci-
dence for the signal beam. Let u be the angle betweenthe reference beam and the normal to the hologram sur-
face. When the hologram rotates by Df, the grating also
rotates by the same amount. In this case the recon-
structed wave vector tilts by an angle of sin uDf, and
the reconstructed image of the pixel will therefore appear
to move by
Dy ­ FDf ­ F sin uDf , (54)
where F is the focal length of the FT lens. It is easy to
verify that this result is consistent with the result given
by Eq. (18). In contrast, the spatial extent of the FT
hologram is 2lFyd0, where d0 is the pixel size of the image.
For optimum storage density the spatial extent of the FT
should be the same as Npd, where d is the optimum pixel
size for obtaining maximum storage density in the case of
image-plane holograms. Thus
Npd ­ 2lFyd0. (55)
The optimum pixel size for FT holograms d0 is therefore
related to the optimum pixel size of image-plane holo-
grams d by the equation
d0 ­
2lF
Npd
. (56)
For Dy to be less than half of d0, we require that
Df #
l
Npd sin u
. (57)
The maximum readout time is therefore
t ­
T
2pNp
ˆ
l
d sin u
!
, (58)
which is independent of the focal length F .
Note that, although the displacement for the re-
constructed image for the image-plane hologram, Dx
[inequality (50)], and that for the FT hologram, Dy
[Eq. (56)], are approximately the same, the pixel sizes
with which they are compared (i.e., d and d0) are very
different. For FT holograms to have the same storage
density as image-plane holograms, the spatial extent of
the FT hologram must be small. This requirement im-
plies that the pixel size of the image is large. Thus,
although Dx and Dy may be approximately the same, the
pixel size of the image-plane hologram d is, in general,
much smaller than d0.
8. NOISE-LIMITED MINIMUM
READOUT TIME
The next question that we address is whether the max-
imum available detector integration time that is due to
rotation is sufficient for actual holographic readout by de-
tectors. In this section we compare it with the estimated
noise-limited minimum readout time.
By noise-limited minimum readout time we mean the
time that it takes for a detector array to accumulate
enough photons from the light diffracted by the hologram
for the detector signal to rise significantly above the noise
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a noise-equivalent exposure of approximately 45 pJycm2.
For an operating wavelength of l ­ 500 nm, we have
approximately 4 3 10219 Jyphoton. Thus each pixel re-
quires roughly 26 photons for generating a signal equiva-
lent to detector noise. Let M be the number of photons
required for detection; h, the diffraction efficiency; Np2,
the number of pixels; and Pinc, the reference-beam power.
If the time it takes to accumulate M photons/pixel is t,
then
hPinc
Np2
t ­
Mhc
l
, (59)
where h is Planck’s constant and c is the speed of light.
This equation gives us
t ­
MhcNp2
hPincl
, (60)
and the maximum data transfer rate is
Np2
t
­
hPincl
Mhc
. (61)
As an example, let the following parameters apply:
Number of pixels per page: Np ­ 500 3 500,
Readout reference-beam power: Pinc ­ 200 mW,
Minimum number of photons required: M ­ 500,
Diffraction efficiency: h ­ 1025,
Wavelength: l ­ 500 nm.
In this case we have a transfer rate of 10 Gbitsys and
a detector integration time (i.e., readout time) of t ­
25 ms. The integration time must be less than the time
in which the reconstructed image moves by half a pixel as
a result of disk rotation, as described in Section 7. This
requirement puts a limit on how fast we may spin the
disk. Let the following parameters also apply:
Optimum pixel size: It can be shown7,15 that, for an
fy3 lens, d ø 3 mm. This value is for the image-plane
hologram; the corresponding optimum pixel size for the
Fourier-plane hologram is d0 ­ 33 mm, assuming that
F ­ 10 cm.
Radius of rotation: R ­ 50 mm.
Reference-beam angle: u ­ 15– (inside the holographic
recording material).
We calculate the maximum allowable disk rotation speed
to be
Image plane: 11 rpm (T ­ 5 s),
Fourier plane: 490 rpm (T ­ 120 ms),
Optimum configuration: 763 rpm (T ­ 79 ms).
The maximum allowable rotation speeds for Fourier-plane
holograms and the optimum-configuration holograms are
approximately the same, whereas for image-plane holo-
grams the integration time is much lower.
The data transfer rate depends on how fast we can read
out the holograms, whereas random access time (which is
proportional to the period of disk rotation, T ) dependson how fast we spin the disk. It is interesting that (as-
suming that all other factors remain the same), as we
decrease the SLM pixel array size, Np, the minimum re-
quired detector integration time decreases, but the data
transfer rate does not change. At the same time, be-
cause the integration time has decreased, the maximum
allowable disk speed goes up, which means that we may
spin the disk at a high rate and lower the random access
time. In contrast, as Np goes down, so does the storage
density.7 Thus there is a trade-off between storage den-
sity and random access time.
9. DISCUSSION AND CONCLUSIONS
In discussing the rotational alignment sensitivity, we
have thus far assumed that the reference beam is a plane
wave. One might ask whether using some other wave-
form as the reference beam would make any difference in
terms of rotational alignment sensitivity.
The next simplest possible wave form is the spherical
wave. It turns out, however, that, when spherical-wave
reference beams are used, the reconstructed image from
the hologram still rotates by the same amount of angle as
the hologram itself.16 What changes is the center of ro-
tation relative to the reconstructed image and the radius
of rotation. The analysis (assuming paraxial approxima-
tions) is similar to the two cases (viz., FT-type holograms
and Fresnel holograms) discussed above and will not be
repeated here.
In applying the results derived above, we should take
into account refraction at the surface of the recording me-
dia. In particular, we should first change angles from
outside to inside the recording medium. Roughly speak-
ing, when seen from inside the recording medium, dis-
tances from the object to the surface of the recording
medium will appear to be n times the actual distance (un-
der paraxial approximations), where n is the refractive
index of the recording medium. Thus the focal length F
of the lens should be replaced by nF , and so on.
In this paper we have concentrated on rotation align-
ment sensitivity, which is specific to the 3D disk. In
general, for any holographic memory system that uses
spatial and angle-wavelength multiplexing, the types of
misalignment may be summarized in five categories:
(i) Error in reference-beam angle,
(ii) Error in reference-beam wavelength,
(iii) Hologram translation,
(iv) Hologram tilt,
(v) Hologram rotation.
We have already discussed rotational alignment sensi-
tivity in detail. For the other types of misalignment, we
may summarize the results briefly as follows.
First, consider reference-beam angle misalignment.
In an angle-multiplexing volume-holographic memory,
misalignment due to reference-beam angle errors along
the Bragg-selectivity direction (i.e., the direction in which
the reference beam is scanning) may cause reduction
of the signal strength, excessive cross talk, or even
reconstruction of the incorrect hologram (page). In con-
trasts, angle errors perpendicular to the Bragg-selectivity
direction will cause the reconstructed image to shift in
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grams. In this case image-plane holograms are less
sensitive than FT type holograms.
For wavelength-multiplexing systems, the configura-
tion commonly used has the signal beam and the reference
beam counterpropagating. In this case the Bragg selec-
tivity is at a minimum (it is zero to first order). This
result implies that for FT-type holograms any reference-
beam angle error will cause the reconstructed image
to shift.
Next, consider the effect of reference-beam wavelength
misalignment. In a wavelength-multiplexing volume-
holographic memory with the usual counterpropagating
geometry, error in the wavelength may cause the incor-
rect hologram (page) to be read out. The reconstructed
image, however, does not shift. For angle-multiplexing
FT-type systems, error in the reference-beam wavelength
may cause signal loss or cross talk or may cause the wrong
page to be read out, the reconstructed image to shift,
or both. For angle-multiplexing Fresnel holograms, er-
ror in the wavelength results in displacement of the
reconstructed image and, in general, in defocusing of the
image.15 The defocusing effect is zero for image-plane
holograms.
For FT-type holograms, translation (or shift) errors
are not a problem because the direction of the recon-
structed plane waves does not change, and therefore the
reconstructed image (intensity pattern) does not change
(although the phase of the pattern does change). For
Fresnel holograms (and image-plane holograms in partic-
ular), translation does have an effect. Because we would
like to store data at high density, the pixels at the holo-
gram are small, and the system is very sensitive to trans-
lation errors.
The final source of alignment error is hologram tilt
(i.e., the normal of the recording media surface changes
direction). When the tilt is along the Bragg-selectivity
direction of the volume hologram, the effect is similar to
the reference-beam angle’s changing directions. When
the direction is perpendicular to the Bragg-selectivity
direction, the reconstructed image shifts for FT-type
holograms. For tilt errors, FT-type holograms are more
sensitive than image-plane holograms.
In summary, we have shown that the reconstructed
image read out from a hologram will always rotate by
the same amount as the hologram itself rotates. What
changes is the apparent center of rotation and the ra-
dius of rotation, neither of which must be the same as
that of the actual hologram. The best that we can do,
therefore, is to arrange for the center of rotation to be
at the center of the reconstructed image. Although rota-
tion is perpendicular to the Bragg-selectivity direction, it
does affects image reconstruction, either partially obscur-
ing the image or edge enhancing the image. We have
also shown that it is possible to achieve maximum storage
density and minimum rotational alignment sensitivity si-
multaneously. Under the condition of maximum storage
density, we have compared the alignment sensitivities of
the three recording configurations (image-plane, Fourier-
plane, and optimum-configuration holograms). The re-sults show that the optimum configuration produces con-
siderable improvement (in terms of alignment sensitivity)
compared with image-plane holograms, but the improve-
ment over Fourier-plane holograms is not so dramatic.
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